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Uncertain Numbers and Uncertainty in the Selection of Input Distributions – 

Consequences for a Probabilistic Risk Assessment of Contaminated Land 
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Risks from exposure to contaminated land are often assessed with the aid of mathematical 

models. The current probabilistic approach is a considerable improvement on previous 

deterministic risk assessment practices, in that it attempts to characterize uncertainty and 

variability. However, some inputs continue to be assigned as precise numbers, while 

others are characterized as precise probability distributions. Such precision is hard to 

justify, and we show in this paper how rounding errors and distribution assumptions can 

affect an exposure assessment. The outcome of traditional deterministic point estimates 

and Monte Carlo simulations were compared to probability bounds analyses. Assigning 

all scalars as imprecise numbers (intervals prescribed by significant digits) added 

uncertainty to the deterministic point estimate of about one order of magnitude. Similarly, 

representing probability distributions as probability boxes added several orders of 

magnitude to the uncertainty of the probabilistic estimate. This indicates that the size of 

the uncertainty in such assessments is actually much greater than currently reported. The 

paper suggests that full disclosure of the uncertainty may facilitate decision-making in 
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opening up a negotiation window. In the risk analysis process, it is also an ethical 

obligation to clarify the boundary between the scientific and social domains. 

KEYWORDS: Distribution assumptions; interval analysis; imprecise numbers; Monte 

Carlo analysis; probability bounds analysis 

  

1. INTRODUCTION 

Risk assessment practice relies heavily on mathematical models.(1) Uncertainty 

arises from choice and structure of these models,(2) as well as model parameterization.(3) 

Uncertainty in empirical quantities is often separated into several types (e.g., 

measurement error, systematic error, linguistic imprecision, subjective judgment, 

variability, and inherent randomness).(4,5) Although some authors would question such a 

separation of uncertainty,(6) it seems to be generally agreed that uncertainty arising from 

variability and inherent randomness in the systems under study should be separated from 

uncertainty due to lack of knowledge.(3,7) In this paper, knowledge uncertainty (epistemic 

uncertainty) will be denoted simply as ‘uncertainty.’ 

Assigning intervals rather than precise numbers to model parameters (inputs) is a 

simple approach to carry uncertainties through all the steps of a calculation.(8) When the 

model inputs are assigned as scalars, without additional uncertainty estimates, the 

precision is given by the number of significant digits. For example, consider a 

conservative point estimate for soil intake by children given as 150 mg/d.(9) This scalar 

has two significant digits and can thus be bound to an interval between 145 and 155, by 

outward rounding.(10) This interval may of course be expanded further to obtain a more 
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realistic estimate of both uncertainty and variability, but already the number of significant 

digits implies a minimum level of uncertainty that cannot be ignored. This contribution to 

uncertainty may seem unimportant, but due to multiplicative effects, the difference 

between the bounding estimates for the outcome can easily exceed an order of magnitude 

in an exposure model of reasonable complexity (>20 input variables).  

Despite the simplicity, intervals are usually not optimal in assigning uncertainty to 

the model inputs, since additional knowledge about central tendency, percentiles, 

distribution shape, etc. is not used.(8) Probabilistic methods provide a framework for using 

this additional information, and many applications have been reported for exposure from 

contaminated land.(2,11,12) In a probabilistic risk assessment, the inputs are normally 

described by parametric or empirical distribution functions.(3) The parametric distribution 

functions are obtained by fitting to the observed data, from surrogate information, or by 

purely theoretical considerations.(13,14) Empirical distributions may be preferable when 

large data sets are available, but they cannot be assumed to represent the high and low 

percentiles well if the sample size is small or if the measurement errors are substantial.(15) 

In this paper, we will only discuss the use of parametric distributions. 

The selection of input distributions is critical for any probabilistic model and 

guidelines often stress that this selection should be justified.(2,16-19) The choice of input 

distributions may be of even greater importance for the outcome than dependencies 

between the input variables.(20) The selection process should preferably be based on 

observation data, and standard distributions for the use in risk assessment have been 

recommended.(21,22) However, it should be noted that the selection can be site-specific 

and the use of expert judgment is then unavoidable.(23) 
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Input distributions are difficult to characterize when data are sparse or missing – 

expert judgment then becomes increasingly important.(3,24) Different elicitation protocols 

have been developed to minimize biases in distribution selection, but it is well known that 

this uncertainty is often underestimated.(4,8,25) Even with an extensive database available, 

investigators may choose different distribution shapes to approximate the same data.(26) A 

standardized procedure for developing input distributions for well-researched exposure 

factors has been suggested.(27) Such standardization would undoubtedly reduce 

subjectivity, but the impact on the overall uncertainty is still limited by the lack of well-

characterized data. 

The uncertainty in the distribution shape is seldom evaluated, mainly because of the 

difficulty of including it in the standard Monte Carlo (MC) framework. One alternative to 

explore this uncertainty is to evaluate the outcomes from a series of model simulations, 

with different distribution assumptions or/and different parameter settings.(28-31) However, 

this approach becomes impractical as model complexity increases and it does not account 

for all possible distribution shapes. 

Probability bounds analysis (PBA) has been introduced as a method of 

investigating the full extent of uncertainty, including the selection of input 

distributions.(7,10,32,33) PBA is founded on the use of probability boxes (p-boxes) rather 

than probability distributions to describe model inputs. A p-box encloses all possible 

distributions that meet certain constraints, for example a maximum, a minimum, and a 

median. These p-boxes can then be used in the arithmetic of expressing models for 

transport, exposure, and effects.(34) The potential for use in risk analysis seems promising 

and a growing number of applications are appearing in the environmental field (e.g., 
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climate change, extinction risks, and persistent organic pollutants).(35-39) PBA has also 

been shown to be a useful tool for risk assessment of contaminated land.(40) 

A PBA will enclose the best estimate of the outcome; it has therefore been 

suggested as a quality assurance procedure for MC analysis to give a broader perspective 

on the uncertainty involved.(37) In particular, the uncertainty in the selection of input 

distributions deserves more attention. Here it is our intention to investigate how 

distribution assumptions have affected a previously reported probabilistic exposure 

assessment.(41) We also wish to evaluate the effect of rounding errors for scalars used in 

both the deterministic and probabilistic assessments. 

 

2. METHODS 

An environmental exposure model developed by the Swedish EPA was applied to a 

site contaminated by a metallurgical industry over two centuries. The surface water 

exposure route had minor influence and was not included. The complete exposure 

assessment encompassed several contaminants, (41) but here we focus only on cadmium to 

illustrate the different calculations. The point estimate for the intake of cadmium was 

similar to the tolerable daily intake (TDI) and differences between estimation methods 

can therefore be of importance for a remediation decision. 

 

2.1 The exposure model 

A sensitive land use scenario was evaluated encompassing all types of land use, 

e.g., residential, kindergarten, agriculture, and ground water extraction. Minor 
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adjustments were made to the exposure model to conform to the latest draft now 

published for comment by the Swedish EPA.(42) All exposure routes were dominated by 

the long-term exposure of children and estimates are therefore based on this group alone. 

The previously used model was further simplified by disregarding differences between 

sexes and only considering surface contamination (except for the drinking water 

pathway). The exposure routes included are summarized in Fig. 1.  

Transport of cadmium to the groundwater (Cgw) is calculated from the average total 

concentration in the soil (Ct), the distribution coefficient between soil and water (Kd), the 

soil water content (θw), the dry soil bulk density (ρb), and the dilution-factor (DFgw). This 

dilution-factor is calculated from mathematical expressions that contain several repeated 

parameters, which always pose a problem in interval and probability bounds analysis 

(PBA).(10) Here, this problem was circumvented by calculating a point estimate for the 

dilution-factor (0.08) and using numerical optimization to estimate an interval (0.022-

0.27), as prescribed by the significant digits for the other factors in those expressions.  
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Transport of cadmium to plants is described by the plant concentration factor between 

fresh plant and dry soil (Kpl), calculated from the bioconcentration factors (BCF), the 

fractional consumption of stem and leaf vegetables (fstem) and root vegetables (froot), and 

the dry weight to fresh weight ratios (rstem and rroot) 

rootrootrootstemstemstempl rfBCFrfBCFK ⋅⋅+⋅⋅=  
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The direct oral intake from soil (Iis) is determined by the average surface soil 

concentration (Cs), the average daily soil intake (SI), and the exposure time (tis).  

365
tSICI iss

is
⋅⋅

=  

The dermal uptake (Idu) is determined by the surface soil concentration, the dermal 

soil exposure (SE), the exposed skin area (A), the relative dermal absorption factor (fdu), 

and the exposure time (tdu). 

365
tfASECI dudus

du
⋅⋅⋅⋅

=  

The inhalation uptake from respirable dust (Iid) is determined by the surface soil 

concentration, the concentration of respirable dust indoors (Cd,in), the fraction of dust 

indoors originating from contaminated area (fd,in), the fraction of time spent indoors (ft,in),  

the fraction of dust outdoors originating from contaminated area (fd,out), the fraction of 

time spent outdoors (ft,out),  the breathing rate (BR), the lung retention (LR), and the 

exposure time (tid).  

365
tLRBR)ffCffC(C
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The intake from vegetables (Iig) is determined by the surface soil concentration, the 

plant concentration factor (Kpl), the average daily consumption of vegetables (Rig), the 

fraction of consumed vegetables grown on site (fh) , and the exposure time (tig). 

365
tfRKC
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⋅⋅⋅⋅
=  
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The intake with drinking water (Iiw) is determined by the concentration in ground 

water (Cgw), the average daily water consumption (WC), and the exposure time (tiw). 

365
tWCC

I iwgw
iw

⋅⋅
=  

The total intake is calculated as the sum divided by the body weight (BW) and 

expressed in mg/kg/day. 

BW
IIIII

I iwigidduis
tot

++++
=  

The calculations of Iis, Idu, Iid, and Iig were coordinated to avoid repetition of the soil 

concentration variable. The bioavailability was assumed to be one for all exposure routes. 

Except for dermal uptake, exposure was assumed to occur every day. Thirty-two input 

variables and constants were retained in this simplified exposure model, of which 18 

were characterized by parametric probability distributions (8 lognormal, 6 triangular, 3 

normal, and 1 uniform) or p-boxes, Table I.  

 

2.2 Calculation methods 

Initially, a deterministic calculation was performed as a baseline for the 

probabilistic analyses to follow. The concentration of cadmium was estimated at the 95% 

upper confidence limit of the mean using bootstrapping (resampling with replacement). 

Rounding errors in the deterministic estimate were explored further after assigning the 

input variables and constants as imprecise numbers (intervals prescribed by significant 

digits). These calculations were performed with the software Risk Calc v4.0 (Applied 

Biomathematics, Setauket, NY). 
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Subsequently, variability and uncertainty were propagated together in a Monte 

Carlo (MC) simulation of exposures. The uncertainty in the average soil contamination 

was described by fitting lognormal distributions to the bootstrapped data. Settings and 

distributions for the other input variables and constants were chosen from the 

documentation of the Swedish model, the US EPA Exposure Factors Handbook,(23) the 

Exposure Factors Sourcebook for European Populations,(43) the revised CSOIL parameter 

set,(44) and from statistics provided by the SCB (Statistics Sweden) and the Swedish 

National Food Administration. A two-dimensional (2D) MC analysis was deemed 

inappropriate since it was not possible, with the data available, to separate variability and 

uncertainty for most of the inputs. The average daily soil intake or bioconcentration 

factors for vegetables are two examples were such a separation is difficult if not 

impossible. Both of these inputs are characterized by a substantial variability, between 

individuals and between species, but both inputs are also characterized by uncertainty due 

to the limited availability of data. The MC simulations (10,000 iterations) were run with 

the software Crystal Ball 2000 Standard Edition v5.2.2 (Decisioneering, Denver, CO). 

Finally, two PBA evaluations were carried out and probability boxes (p-boxes), 

with the same defining parameters, then replaced the parametric distributions. However, 

the uncertainty in the concentration term for cadmium continued to be characterized by a 

lognormal distribution (cf. the recommendation by the US EPA in ref. 2). Other variables 

and constants were assigned both as specific values and as imprecise numbers (to 

evaluate the effect of rounding errors). These calculations were also run with the software 

Risk Calc v4.0. In this study, all distributions and p-boxes with infinite ranges were 

truncated at the 0.5th and 99.5th percentiles respectively. 
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The use of PBA for risk assessment has been extensively discussed by Ferson et 

al.(10,34) The main difference between PBA and a 2D MC simulation is in the treatment of 

uncertainty. In the 2D MC simulation, variability and uncertainty are separated by 

running the computations iteratively in two loops, one inner and one outer. Variability 

and uncertainty are then both described by probability distributions, although it is 

questionable whether uncertainty can be assumed to vary randomly.(7,45,46) In a PBA, 

variability may continue to be characterized by probability distributions, whereas 

uncertainty is described by intervals. P-boxes are used to generalize both these 

characteristics by placing interval bounds on cumulative probability distributions. A p-

box is the class of distribution functions F(x) bounded by two cumulative distribution 

functions F1(x) and F2(x) such that F1(x) ≤ F(x) ≤ F2(x) for all x.(47)  An example is shown 

in Fig. 2, where a normal distribution of body weight with a mean of 70 kg and standard 

deviation of 10 kg is compared to a p-box where these parameters are rounded outward 

into intervals of 65-75 kg and 5-15 kg, respectively. 

When the precise input distribution is unknown, other available pieces of 

information may be put together as constraints for the class of possible distributions. The 

intake of soil by children can be used as an example. Statistics given by ECETOC 

suggest 50th and 95th percentiles at 40 and 200 mg/d respectively.(43) These statistics can 

be used to define a lognormal probability distribution truncated at 200 mg/d (reasonable 

maximum exposure). A p-box can similarly be defined to only have positive values, an 

arithmetic mean of 65, a standard deviation of 82, and a max value of 200 mg/d, Fig. 3. It 

is readily inferred from both Figs. 2 and 3 that the uncertainty due to the choice of 

distributions can be particularly pronounced at the low and high percentiles.  
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3. RESULTS AND DISCUSSION 

This investigation compared five different sets of input definitions for the 

environmental exposure model: point estimates, point estimates with rounding errors, 

probability distributions, probability boxes (p-boxes), and p-boxes with rounding errors, 

Table I. The first two sets of point estimates were parameterized directly with data from 

the exposure model used by the Swedish EPA. The three following sets of probabilistic 

input definitions were partly based on supplementary data (see Methods); this should be 

taken into account when comparing results between the different sets. However, it should 

also be observed that the deterministic and interval approaches cannot use this extra 

information. 

 

3.1 Deterministic calculation and rounding errors 

The deterministic point estimate of the cadmium intake, with a sensitive land use 

scenario, was 1.8 x 10-3 mg/kg/day. The tolerable daily intake (TDI) applied for cadmium 

by the Swedish EPA is 1.0 x 10-3 mg/kg/day, thus indicating a potential for negative 

health effects. 

The uncertainty in any exposure estimate depends on many factors. Scenario and 

conceptual model uncertainty affect any type of exposure modeling, and can often be 

assumed to have a dominant role. Here, however, the focus is on the characterization of 

the chosen model variables and constants. In a deterministic model these are assigned as 

precise numbers. A few examples from the Swedish exposure model can be used as 

illustration: the dry soil bulk density is assigned a value of 1.5 kg/dm3, the proportion of 
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vegetables grown at the site is specified as 0.3, and the bioconcentration factor for 

cadmium to stem vegetables is given a value of 0.7. Taking the rounding errors expressed 

by the significant digits into account, these numbers can be specified as 1.45-1.55, 0.25-

0.35, and 0.65-0.75, respectively. If all constants and variables are assigned as imprecise 

numbers in an equal manner, then the estimated intake of cadmium will vary between 6.9 

x 10-4 to 1.1 x 10-2 mg/kg/day. Thus, already the rounding of numbers in the 

deterministic estimate has a substantial influence on the outcome and appraisal of the 

potential for health effects. The intake seemingly could be anything between 31% below 

to 1000% above the TDI. 

The reported interval represents the best possible estimate given the uncertainty 

embodied by the significant digits.  

 

3.2 Probabilistic Monte Carlo simulation 

The MC simulation, with probability distributions assigned to most input variables 

and constants, indicates an intake of cadmium in the interval 1.6 x 10-4 to 1.3 x 10-3 

mg/kg/day, with a median value at 4.7 x 10-4 mg/kg/day. The interval equals the 5th and 

95th percentiles of the output probability distribution, Fig. 4. 

A sensitivity analysis was performed by evaluating the Spearman rank correlation 

coefficient (rs) between the different input variables and the estimated total intake. The 

most important inputs were the total soil concentration of cadmium (rs=0.54), the average 

daily water consumption (rs=0.37), the fraction of consumed vegetables grown on site 

(rs=0.33), followed by three other variables related to the intake from vegetables, the 
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surface soil concentration and the body weight (eight variables in all). Ten input 

variables, assigned with a probability distribution, were of less importance. Not 

surprisingly, the most important exposure routes were ingestion of vegetables and 

drinking water, with estimated contributions at the 50th percentile of 47% and 50%, 

respectively. 

Here it is interesting to note that the uncertainty and variability described by the 

MC simulation is less than the previously investigated rounding errors. This could 

indicate that the probabilistic approach alone cannot fully capture the uncertainty present. 

 

3.3 Probability bounds analysis (PBA) 

The uncertainty in selecting the correct probability distribution for an input may be 

evaluated by running the MC simulations repeatedly with different distribution selections. 

However, already with a small or medium-sized exposure model this task quickly 

becomes practically impossible. The model used here initially had 18 parametric 

distributions assigned, and testing of only two different distribution assumptions for each 

would require the evaluation of 2^18 or 262,144 combinations.  

P-boxes, as previously described, provide a convenient approach to represent all 

probability distributions meeting a set of specified constraints. To evaluate the 

uncertainty in the distribution assignments, all parametric distributions were 

supplemented by p-boxes applying the previously used parameters (min, max, mean, 

mode, and standard deviation) as constraints. Symmetric shape was added as an 

additional constraint for variables previously assigned a normal distribution (body weight 
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and the average daily consumption of vegetables and drinking water). Variables 

previously assigned as lognormal distributions were constrained to have values above 

zero. Other constraints, such as assigning specific distributions with uncertainty in the 

parameters, could have been considered if more were known about the site and its future 

population. Inputs held constant in the MC simulation were also assigned as precise 

numbers in this analysis. 

The PBA indicates an intake of cadmium in the interval 1.0 x 10-4 to 1.6 x 10-3 

mg/kg/day for the 50th percentiles, and in the interval 1.7 x 10-5 to 6.2 x 10-3 mg/kg/day 

for the lower 5th and upper 95th percentiles, Fig. 5. The two cumulative distribution 

functions, as depicted in the figure, circumscribe the uncertainty for estimated total intake 

of cadmium.  

The PBA shows that the choice of input distributions is critical for both the lower 

and upper estimates of intake; interestingly, however, the largest deviation is for the 

lower bound, thus indicating that the risks may be grossly overestimated. The explanation 

for this difference between the MC simulation and the PBA is to be found in our frequent 

use of lognormal distributions, which are highly skewed, to define inputs in the exposure 

model. 

Sensitivity analyses are more cumbersome with the PBA method. The partial 

derivatives can be computed and evaluated, but ‘pinching’ the input variables is a more 

robust approach. Each probability box was replaced in turn by a corresponding 

deterministic value and the reduction in the range of uncertainty was evaluated. The same 

eight input variables as in the MC simulation were important together with one additional 

variable related to the intake of vegetables (fstem). Both the MC simulation and the PBA 
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thus indicate that half of the input variables assigned with probability distributions or p-

boxes could be substituted with scalars, without influence on the outcome. The direct 

oral, dermal and inhalation exposure pathways could actually have been eliminated 

altogether from this example without making much of a difference. 

  

3.4 Probability bounds analysis (PBA) with rounding errors added 

A substantial number of inputs were assigned a precise value in the previous intake 

estimations, except for the evaluation of rounding errors in the deterministic calculation. 

In a similar manner, imprecise numbers can be added to the probability bounds analysis. 

Here we limit the use of imprecise numbers to the previously constant inputs, although it 

would also be possible to apply imprecise numbers to defining parameters for 

distributions and constraints of p-boxes. A PBA with rounding errors added indicates an 

intake of cadmium in the interval 3.1 x 10-5 to 3.9 x 10-3 mg/kg/day for the 50th 

percentile, and in the interval 4.8 x 10-6 to 1.8 x 10-2 mg/kg/day for the lower 5th and 

upper 95th percentiles, Fig. 6.  

The probability bounds of the output distribution are wide when all this uncertainty 

is taken into account. Some inputs could possibly be specified with greater precision in 

the future, while uncertainty should be added to others since the defining 

parameters/constraints are imprecise. Dependencies between input variables are an 

additional source of uncertainty. In this evaluation we have so far assumed complete 

independence to facilitate the comparison between the methods and intake estimates. The 

last PBA calculation was, however, repeated without assuming independence between: 
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transport to stem, leaf and root part of plants; dermal soil exposure, exposed skin area and 

exposure time; respirable dust indoors and outdoors from contaminated area; breathing 

rate and lung retention; average daily consumption of vegetables and fraction of 

consumed vegetables grown on site; intake for each exposure route and body weight. 

This PBA, with major independence assumptions removed, indicates an intake of 

cadmium in the interval 1.3 x 10-5 to 9.4 x 10-3 mg/kg/day for the 50th percentile, and in 

the interval 1.7 x 10-6 to 6.7 x 10-2 mg/kg/day for the lower 5th and upper 95th 

percentiles. The probability bounds widen substantially, but less than an order of 

magnitude. Our results thus seem to corroborate the previously cited observation, that the 

choice of input distributions may be more important for the outcome.(20) 

 

3.5 Comparison of the different intake estimates 

The deterministic approach appears to be simple and straightforward, but this is 

true only superficially. The assignment of the values for input variables and constants is 

inevitably uncertain, with some values given as best estimates and others as conservative 

estimates. In addition, we have demonstrated that the rounding errors add more than an 

order of magnitude to this uncertainty, further complicating the evaluation. 

A varying proportion of the uncertainty is accounted for when applying the 

different probabilistic approaches. With the MC analysis the risk assessor needs to know 

which input distributions to apply, while the PBA approach is possible also when the 

exact shapes of the distributions are unknown. The consequences of selecting one 

approach over another can be visualized with Box-Whisker type plots, Fig. 7. 
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The difference between the deterministic estimate and the median of the Monte 

Carlo simulation is mainly due to the substitution of conservative point estimates by 

probability distributions with realistic centers of gravity. A striking observation is that the 

uncertainty due to rounding errors is greater than the difference between the high (95th) 

and low (5th) percentile in the MC simulation of variability and uncertainty. However, it 

should be noted that the span in simulation results could be even wider if all variables and 

constants were supplemented with probability distributions. 

The span between high and low estimates can be overwhelming when p-boxes 

describe the inputs.(37) It is therefore reasonable to ask if uncertainty may be overstated. 

The PBA method allows the specification of p-boxes with a varying degree of detail. 

Here we have used p-boxes that are free of distribution assumptions, but a p-box can also 

be described by a parametric probability distribution with uncertainty regarding the 

values of the defining parameters. If there is no uncertainty, then this p-box converges to 

the corresponding probability distribution and the outcome will be the same as for a MC 

simulation. Hence, the methodology itself does overstate or understate uncertainty. 

Instead it is the information supplied by the analyst that may be too precise or imprecise. 

Extensive studies over the last 25 years seem to suggest that former is more common, i.e. 

the knowledge about the problem is overstated and uncertainty is understated.(25)  

 The uncertainty in distribution assumptions is seldom shown in probabilistic risk 

assessments and could have profound implications for risk management decisions. It is 

not surprising that the upper-bound intake estimate increases and a simplistic 

interpretation would be, without further consideration, to call for even more stringent 

clean up targets. However, the wide span between the high and low uncertainty bounds 
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suggests that an approach that focuses only on the high percentiles and upper confidence 

limits is biased and potentially misleading. Risk management decisions, risk 

communication, and stakeholder involvement should provide full disclosure by also 

describing the uncertainty in the other direction. Disregarding this part of the information 

could otherwise lead to a distortion of risk management priorities.  

 

4. CONCLUSIONS 

The problem of excessive precision is not new in risk analysis, and a recent review 

has called for a more explicit consideration of uncertainty.(48) The probabilistic approach 

is a considerable improvement on previous deterministic risk assessment practices, in that 

it attempts to characterize uncertainty and variability. However, some inputs continue to 

be assigned as precise numbers, while others are characterized as precise probability 

distributions. Such precision is hard to justify, as is the subjective assignment of 

probability distributions to characterize uncertainty. In this paper, we have highlighted 

the consequences of recognizing this lack of precision, in numbers and in probability 

distributions, in a standard environmental exposure model for soil contaminants. We have 

not evaluated structural uncertainty and the uncertainty due to dependencies between 

input variables, but already this limited assessment clearly demonstrates that error bounds 

of exposure estimates are substantial, comprising several orders of magnitude.  

Probability bounds analysis (PBA) seems to provide a straightforward and flexible 

approach to include all available information, without making any unfounded 

assumptions. PBA offers an interesting alternative to two-dimensional Monte Carlo (MC) 

simulations, and especially so if intervals are seen as more reliable than probability 
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distributions for the bounding of uncertainty. The main problem with this technique is 

that it does not give a best estimate or probability density within the probability box. 

However, this does not limit the use of PBA as a quality assurance and bounding 

technique to improve the standard MC analyses. PBA can thus be applied to all kinds of 

advanced risk assessments involving empirical quantities, with similar implications for 

the decision-making. 

The practice of selecting the best fitting distribution and characterizing its 

parameter uncertainty will obviously not disclose the full range of uncertainty. It 

therefore seems reasonable to require that probabilistic risk assessments should address 

this issue by actually evaluating a whole range of reasonable distribution assumptions. 

This evaluation should encompass most, if not all, input variables assigned with a 

probability distribution. Input variables assigned as numbers should at a minimum be 

evaluated for rounding errors.  

In risk assessments, the usual practice is to focus on the upper-bound estimate or 

the high percentiles.(2) This is in accordance with the precautionary principle, but may 

become difficult to defend when the full range of uncertainty is exposed. In addition to 

the upper-bound estimate, a PBA also supplies a lower-bound estimate. We think it is 

reasonable to provide the complete set of information, as a framework for evaluation by 

decision-makers and stakeholders, to avoid the selection of overly-cautious risk 

management strategies. We should not be afraid to acknowledge that science can 

sometimes provide only very imprecise answers or no answer at all. In fact, such a 

demarcation is an important prerequisite for a continued reliance on scientific methods, 

where decision-making needs to be risk-informed rather than risk-based.(49) Scientific 
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uncertainty could then be treated as knowledge, not ignorance, to develop our 

understanding and finding solutions to some of the urgent problems of modern society.(50) 

Not acknowledging the full degree of scientific uncertainty will blur the boundary 

between science and policy, is potentially misleading, and may damage the credibility of 

the risk analysis profession.(4)  

The benefits of a full disclosure of the uncertainty in risk estimates were eloquently 

discussed recently.(8) There is an ethical obligation to communicate honestly the full 

extent of uncertainty,(4) but it may also provide an advantage in the decision-making 

process since it opens up a negotiation window. With precise point estimates, or a strictly 

regulated procedure using probabilistic information in a similar manner, this possibility 

for a meaningful risk dialogue would certainly diminish.  

In summary, this paper has attempted to explore different approaches to quantify 

uncertainty and discuss its implications for risk-informed decisions. It seems that the 

uncertainty is often underestimated since distribution assumptions and rounding errors 

are not fully evaluated. We suggest, as a future practice, that such information should be 

included in advanced risk assessments and also be fully disclosed.  
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Table I. Characterization of the input variables affecting the long-term exposure of children to cadmium using different estimation approaches: 
deterministic (det), Monte Carlo (MC), or probability bounds analysis (PBA), with or without rounding errors (err). Normal (N) and lognormal 
distributions (LN) are characterized by the arithmetic mean and the standard deviation. Intervals are shown with square brackets around and the 
nomenclature for p-boxes is adapted from ref. 10. 
Variables Symbol Det. Det. with 

error 
Monte Carlo PBA PBA with error 

       
General       
Concentration in soil 0-1 m, mg/kg Cs 4.95 4.95 LN(3.1,1.0) LN(3.1,1.0) LN(3.1,1.0) 
Concentration in soil total, mg/kg Ct 17.4 17.4 LN(6.9,5.7) LN(6.9,5.7) LN(6.9,5.7) 
Body weight child, kg BW 15 [14.5,15.5] N(18,2.66), min=5, 

max=25 
symmeanstddev(18,2.66), 
min=5, max=25 

symmeanstddev(18,2.66), 
min=5, max=25 

       
Transport to groundwater       
Distribution soil-water, dm3/kg Kd 100 [50,150] 100 100 [50,150] 
Soil water content, dm3/dm3 θw 0.3 [0.25,0.35] triangular(0.05,0.3,0.5) minmaxmode(0.05,0.5,0.3) minmaxmode(0.05,0.5,0.3) 
Soil bulk density, kg/dm3 ρb 1.5 [1.45,1.55] triangular(0.25,1.2,1.6) minmaxmode(0.25,1.6,1.2) minmaxmode(0.25,1.6,1.2) 
Dilution soil-groundwater DFgw 0.08 [0.022,0.27]* 0.08 0.08 [0.022,0.27]* 
       
Transport to plants       
Bioconcentration stem and leaf, 
(mg/kg dry)/(mg/kg soil) 

BCFstem 0.7 [0.65,0.75] LN(0.85,0.61) posmeanstddev(0.85,0.61) posmeanstddev(0.85,0.61) 

Fractional consumption, stem and leaf fstem 0.5 [0.45,0.55] LN(0.38,0.13), max=1 posmeanstddev(0.38,0.13), 
max=1 

posmeanstddev(0.38,0.13), 
max=1 

Dry to fresh weight stem and leaf, 
kg/kg 

rstem 0.117 0.117 0.117 0.117 0.117 

Bioconcentration root, 
(mg/kg dry)/(mg/kg soil) 

BCFroot 0.15 [0.145,0.155] LN(0.35,0.33) posmeanstddev(0.35,0.33) posmeanstddev(0.35,0.33) 

Fractional consumption, root froot 1- fstem 1- fstem 1- fstem 1- fstem 1- fstem 
Dry to fresh weight root, kg/kg rroot 0.202 0.202 0.202 0.202 0.202 
       
Direct oral intake       
Daily soil intake, mg/kg SI 150 [145,155] LN(65,82), max=200 posmeanstddev(65,82), 

max=200 
posmeanstddev(65,82), 
max=200 

Exposure time, day tis 365 365 365 365 365 
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Dermal uptake       
Dermal soil exposure, mg/m2/day SE 5100 [5050,5150] LN(2000,990), 

max=7400 
posmeanstddev(2000,900), 
max=7400 

posmeanstddev(2000,900), 
max=7400 

Exposed skin area, m2 A 0.28 [0.275,0.285] LN(0.18,0.017), 
max=0.24 

posmeanstddev(0.18,0.017), 
max=0.24 

posmeanstddev(0.18,0.017), 
max=0.24 

Relative dermal absorption fdu 0.14 [0.135,0.145] 0.14 0.14 [0.135,0.145] 
Exposure time, day tdu 80 [75,85] 80 80 [75,85] 
       
Inhalation uptake       
Concentration of respirable dust 
indoors, mg/m3 

Cd,in 0.052 [0.0515,0.052
5] 

triangular(0.037,0.069, 
0.1) 

minmaxmode(0.037,0.1,0.069) minmaxmode(0.037,0.1,0.069) 

Fraction of dust indoors from 
contaminated area 

fd,in 0.8 [0.75,0.85] triangular(0.5,0.65, 0.8) minmaxmode(0.5,0.65,0.8) minmaxmode(0.5,0.65,0.8) 

Fraction of time spent indoors ft,in 0.88 [0.875,0.885] uniform(0.75,1)   
Concentration of respirable dust 
outdoors, mg/m3 

Cd,out 0.07 [0.065,0.075] triangular(0.05,0.075, 
0.1) 

minmaxmode(0.05,0.075,0.1) minmaxmode(0.05,0.075,0.1) 

Fraction of dust outdoors from 
contaminated area 

fd,out 0.5 [0.45,0.55] 0.5 minmax(0.75,1) minmax(0.75,1) 

Fraction of time spent outdoors ft,out 1- ft,in 1- ft,in 1- ft,in 1- ft,in 1- ft,in 
Breathing rate, m3/day BR 7.6 [7.55,7.65] 7.6 7.6 [7.55,7.65] 
Lung retention LR 0.75 [0.745,0.755] 0.75 0.75 [0.745,0.755] 
Exposure time, day tid 365 365 365 365 365 
       
Intake from vegetables       
Daily consumption of vegetables, 
kg/day 

Rig 0.15 [0.145,0.155] N(0.13,0.04), min=0 symmeanstddev(0.13,0.04), 
min=0 

symmeanstddev(0.13,0.04), 
min=0 

Fraction of consumed vegetables 
grown on site 

fh 0.3 [0.25,0.35] triangular(0,0.13, 0.3) minmaxmode(0,0.3,0.13) minmaxmode(0,0.3,0.13) 

Exposure time, day tig 365 365 365 365 365 
       
Intake with drinking water       
Daily water consumption, dm3/day WC 1 [0.5,1.5] N(0.87,0.49), min=0.1, 

max=3 
symmeanstddev(0.87,0.47), 
min=0.1, max=3 

symmeanstddev(0.87,0.47), 
min=0.1, max=3 

Exposure time, day tiw 365 365 365 365 365 
* Best possible bounds estimated separately from expressions with repeated parameters.  
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Figure captions 
 
 

Fig. 1. Transport and exposure pathways considered in this study. 

Fig. 2. An example normal distribution of body weight (solid curve) circumscribed by 

a p-box (dashed lines). 

Fig. 3. Estimated soil intake by children as a lognormal distribution (solid curve) and 

a p-box (dashed lines). 

Fig. 4. Cumulative probability distribution for the intake of cadmium (logarithmic 

scale) with TDI, 5th and 95th percentiles shown. 

Fig. 5. Probability bounds for the intake of cadmium (logarithmic scale) with TDI, 5th 

and 95th percentiles shown. 

Fig. 6. Probability bounds with rounding errors for the intake of cadmium 

(logarithmic scale) with TDI, 5th and 95th percentiles shown. 

Fig. 7. Estimated intake of cadmium (logarithmic scale) using different approaches: 

deterministic (det), Monte Carlo (MC), or probability bounds analysis (PBA), with or 

without rounding errors (err). The error bars show the difference between high and 

low estimates (deterministic) or 5th and 95th percentiles (MC and PBA). The 50th 

percentile is shown as a horizontal line (MC) or as a box (PBA), representing the high 

and low bounds. 
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